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Scattering at the Junction of a Rectangular
Waveguide and a Larger Circular Waveguide

Robert H. MacPhie, Fellow, IEEE, and Ke-Li M@ Meinbei-, IEEE

Abstract4 full wave, formally exact solution is obtained for the
problem of scattering at the junction of a rectangular waveguide
and a larger circular waveguide. The general case of an arbitrary
offset of the wavegnide axes is considered. E-field mode matching
over the rectangular aperture of the smaller guide is facilitated
by a transformation of the circular cylindrical Bessel–Fourier
modal fields of the circular guide into a finite series of exponential
plane wave functions in rectangular coordinates. This permits an
analytical finite series solution for each of the elements of the E-
field mode matching matrix [M] from which the scattering matrix
[S] of the junction is easily obtained. Numerical evaluation of the
S-parameters for the dominant Z’EIO (rectangular) and TE1 ~
(circular) modes in the cases of junctions with no offset and with
offset is presented. Moreover, the practical case of a circular
cavity resonator with smaller input and output rectangular guides
is considered and excellent agreement is found between the
calculated and measured S-parameters.

I. INTRODUCTION

IN A RECENT paper [1], a rigorous full wave solution was
obtained for the problem of electromagnetic scattering at

the junction of a circular waveguide and a larger rectangular
waveguide. In the present paper we consider the complemen-
tary problem of the junction of a rectangular guide with a larger
circular guide. The transverse Bessel–Fourier modal E-fields
of the circular guide are expanded in terms of a series of ex-
ponential plane wave functions [2] in cartesian coordinates for
E-field mode matching at the junction’s rectangular aperture.

This problem has been very recently treated by Keller and
Amdt [3] but no specific details of the coupling integrals [3,

(5)] were provided by the authors. In Section II we deduce
expressions for the elements of the E-field mode matching

matrix [Al] for the junction analogous to those given in
[1]. Moreover, in the Appendix is presented the derivation
of the plane wave series expansion of Jg (hp) exp (jq~), the
Bessel–Fourier modal eigenfunction in the circular waveguide.
Section III indicates how the junction’s scattering matrix [S]
is obtained from [~] and the modal admittance matrices [Yl]
and [Y2] of the two guides.

Section IV presents numerical results for junctions with no

offset and with offset. Moreover. the practical and interesting
case of a circular waveguide resonator connected to smaller
rectangular guides is considered and the theoretical results
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Fig. 1. The junction of a rectangular waveguide with a larger offset cimtdar
waveguide.

are compared with experimental measurements with excellent
agreement obtained in all cases.

II. ELECTRIC FIELD MODE MATCHING AT THE JUNCTICJN

Fig, 1 indicates the geometry of the junction of a lrect-
augular waveguide with a larger circular waveguide. The
rectangular guide, with cartesian coordinates (z’, U’, z’ )1, is
transversely offset from the circular guide with carte:siau
coordinates (z, y, z) such that z’ = x – $1, y’ = g – Y1,
~l=z

In the rectangular guide, just to the left of the junction
(z’ = O_), the tangential electric field can be expanded as
a superposition of TE (h-type) and TM (e-type) modal fil:lds

I?l(J,/) =~[Al,rrmif~n(i, y’)+lz, ~nzpmn(d,d)].
mn

(1)

In the larger circular guide, just to the right (.z = 0+) ojf the

junction, the tangential electric field can also be expanded as
a sum of modes

qr

( 4’)+ as’, W*J,qr(il d)] (2)+B2c, qr$2~, qr P,

The various waveguide modal fields in (1) and (2) are specified
in Collin [4, pp. 189 and 197]. respectively, By means of the
equation (see the Appendix for its derivation)

where x = pcos~, y = psin+, Cl = cos (~), S~ =

sin (~) and lV — 1 > hp + No with IV. a small integer,
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the cylindrical waveguide modal functions can be transformed
into cartesian coordinates

-Jh)

()

c (z,,) - ~r+’Nyjl(::)
2 s ‘q” 1=0

~e)

()c
(z, y)= *j’+’ 5!(C’”)–s1”

2 s ‘q”
1=0

.(AC, + jjSl)e-~h’’(C’Z+s’y). (5)

Then we can use the relations x = z’ + Z1, and Y = Y’ + w

to express the circular waveguide mode fields in guide 2 in
terms of the Cartesian coordinates of the rectangular guide 1

-&h)
N-1 Clq

()

c x( )(~’>I/)- ‘jjq+l ~=oS,q e-%r(c’Z’+s’Y’)
2 s ‘“T

.(iiSt – yCl)e-’h:’(C’Z’+s’y’) (6)

#e)

()c
(i, y’) = %~”+15(:;q)e-’h’r’c’z1+s”1)

2 s ‘“T
1=0

.(iC~ + jS~)e-fkq”(CLx’+ sLy’). (7)

In (4), . . . ,(7), h~rll and hq~R are respectively the rth roots
of J;(x) and Jq(s); moreover Ctq = cos (lq~) and Stq =

sin (lq~).

We use (6) and (7), together with the traditional Cartesian
coordinate expressions for the rectangular modal fields [4, p.
189], in the E-field mode matching matrix integrals

“) are the norms of the circular guide’swhere N~~~, and N2, q,

grth h and e modes respectively. A similar set of expressions

for the sine-type coefficients is obtained by replacing $2~, qT
~h)

and e42g, “r ~Y ezs,”~ and z$~ “r in (8) and (9), respectively. In
total, the E-field mode matching matrix equation is as follows

where the rrmth element of the column vector Al is Al~~, etc.

It is straightforward to show, using (4) in (8) that

One obtains H:., ~n by replacing Czq with Szq in (1 1).

Therefore, if

then

In the cases of rectangular-to-rectangular waveguide junctions
[6] and of rectangular to smaller circular waveguide junctions
[1] the elements of the [K] matrix were identically zero. This
is also true in the present case, for both [Kcl and [K’].

However, for th;

where

[Q] and [E] matrice~ we-obtain

= ‘~Y{_%q}~”-
2,qr 2=0

{5i-’ii-’]=~g{2j}N1.,..,,—
in which

N
1 –j(cl Xl, ~.-tslyl, q,)

qr, mn, l = ~e

. [C1mbqrI~(Ctaq~ )I~(stbqr)

+ slnaq.Is(Ciaq.) (~s(s~bq.)l.

(16)

(17)

(18)

(19)
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TABLE I 0

CONVERGENCE OF THE SCATTERING PARAMETERS FOR THE TE1 o AND TE11
MODES FOR CENTERED GUIDES WITH a = R = 2b = 0.75” AT f. = 9.0 GHz -5

NUMRER OF MODES

GUJDE 1
-lo - -

GUDIE 2 s 11 s 2, \

TE TM TE TM -15

‘ ‘~

S21

4
is

2 2x 14 -.1272 + j .6780 -.5703 J .4459 ~

8 4 S6 28 -.1498 + J ,6784 -,5639 j .4492
.~ .~~

R.ra

14 7 98 49 - 1520 + J .6805 5571 J .4510 c
5 (J.0.75.
~ -25 \

$ b= 0375’

\

511

g -30

III. THE SCATTERING MATRIX OF THE JUNCTION z xl =-a/2
g

As described in [1], the scattering matrix [S] of the -35
Yl =-b/2

rectangular-circular waveguide junction, which in our present

case is such that
-40

t II

can be obtained in terms of the E-field mode matching matrix
[M] and the diagonal modal admittance matrices [K] (i = 1
and 2) of the two guides (see [1, (31), . . . ,(33)]. The various
submatrices are as follows

[s,,] = ([Y,]+ [YL,])-’([Y,] - [YL,]),

[s,,] = 2([Y,] + [YL,])-’[M]~[Y,] (21)

[s,,] = [M]([s,,] + [q), [s,,] = [M][s,,] - [1] (22)

where

[YL,] = [M]~[Y,][M] (23)

is the “load” admittance matrix of guide 2 as “seen” by guide
1, and [1] is the identity matrix. For the cascaded connection
of two junctions in series such as a circular cavity fed at each
end by smaller rectangular guides, we can use the generalized
scattering matrix technique [7, pp. 207–2 17] to obtain the
overall scattering matrix of the structure.

-4s

t

8 9 10 11 12 13 1A 15

Frequency in GHz

Fig. 2. S-parameters S1I and S21 in dB of the rectangular-to-circnku
waveguide jnnction for no offset. The rectangular guide is WR75 with
a = 2b =0.75” and the circular guide radius is R = a.

.5 -30

I

b = 0.375”=
ol
:

-35 XI=-012S

.40 ~ Y 1 =0,00125’

IV. NUMERICAL RESULTS -45!
To begin, we investigate the convergence of the S-

parameters SII and S21 as functions of the number of modes -50 LH-H-F++

used. A centered junction (no offset) is considered with a 8 9 10 11 12 13 14 15

rectangular WR75 waveguide (a = 0.75” = 2b) feeding a
Frequency in GHz

larger circular guide of radius a. The ratio of cross-sectional
Fig, 3. S-parameters in dB of the rectangular-to-circular waveguidejnnction
with offset. The rectangular guide is WR75 with a = 0.75” and the circular

areas is therefore naz / (a,z/2) = 27r < 7; to avoid the relative guide radius is R = a.

convergence problem [7], if N rectangular modes ( TE or

TM) are considered, then in the circular guide we would
use 7N modes (TE or TM), Moreover, since TE modes

of offset waveguides with Z1 =0.125”, yl =0.00125”. It

are dominant, we select twice as many TE modes in each
should be mentioned that the E-field mode functions have

guide, Table I indicates that the scattering parameters for
been normalized by (Z$~) li2 where p = e, h, in order to

the propagating modes converge to three-figure accuracy obtain symmetric S-parameters (S21 = S12 ); Zkj is the rrtnth

when 14TE and 7TM modes are assumed in the smaller M-type modal wave impedance.

rectangular guide.
In Fig. 2 the behavior of lS1l I and ]Szl 1, for the same A. Experimental Verification

,, ,,
junction-as considered in Table I, is given for the frequency A circular waveguide cavity resonator, fed with no offsets

range from 8.0 GHz to 15.0 GHz. Fig. 3 presents the case at each end by smaller rectangular waveguides [see Fig.
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Fig. 4. A cu-cular cylindrical cavity resonator fed by WR75 rectangular
waveguides; (a) no offset of the rectangular guides, (b) oneofthe rectangular
guides with offset.
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Fig.5. Thecalculated andmeasured S-pmameters of thecircular cylindrical
cavity shown in Fig. 4(a).
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Fig.6. ThecaIculated andmeasured S-parameters of&e circular cylintical
cavity shown m Fig. 4(b).

4(a)] was considered. In Fig. 5 the measured S-parameters

given by solid/dashed lines are compared with the discrete
theoretical values over the 8.0 GHz to 15.0 GHz frequency
range. Agreement is excellent.

A second circular guide cavity, with one of the rectangular
guides offset, was also considered and the theoretical results
are compared to the measured. The geometry is shown in Fig.
4(b) andtheexpetimental andtheoretical results we indicated
in Fig. 6 where again there is excellent agreement.

V. CONCLUSION

This paper has provided a rigorous full wave modal solu-
tion to the problem of scattering at a rectangular-to-circular
waveguide junction when the circular waveguide is larger in
cross section. The new and very useful plane wave series
representation of the Bessel–Fourier eigenfunctions which
represents the modes in the circular guide leads to analyti-
cal series expressions for the elements of the E-field mode
matching matrix [MT] from which the scattering matrix of
the junction can easily be deduced. This totally eliminates

any numerical integration which, heretofore, has been used in

such problems. The usefulness and accuracy of the technique

has been demonstrated by the excellent agreement between
calculated and measured S parameters of a circular cavity
resonator fed at each end by WR 75 rectangular waveguide.
Obviously the general scattering solution of this junction will
be widely used in the characterization of various waveguide
systems such as the slot iris coupling in circular waveguide
filters, certain transformers in antenna feed networks and
channel filters for space applications.

APPENDIX

PLANE WAVE SERIES EXPANSION OF ~q (hp)e~q~

From Stratton [8, pp. 37 1–372] one obtains the Bessel–
Fourier series expansion of a plane wave function

q=. co

(24)

Letting z = O and k sin di = h, we simplify (24) to

But if Iql exceeds hp the amplitudes of Jq(hp) and J-q(hp)
quickly become negligible [5, p. 359]. Therefore, to a very
good approximation

where hp < ~ – NO, (iVO is a small integer).
We now consider 2~ + 1 plane waves with directions of

incidence @,l given by

&[=lA~=l~, 1=0, 1,...2X7, (N=2N +1).

(27)
Then, after multiplication by N– 1, (26) becomes

(28)
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TABLE II
CONVERGENCE OF THE SERIES EXPANSION OF ~n (hp) exp jng5 m

CARTESMN COORDINATESFOR n = 8, hp = 19.670, @ = 38°

“’ ‘-1 f= jh(C++SJ?),a$=l~j.eJ,(hp)e _ ~ ,=0

N

h = j7’85/~, p = 0.8R:hp = 19.670, $ = 38°

19 - 0.0111659 + j 0.0162155

21 0.0110807 + j 0.0164307

23 0.0110803 + j 0,0164273

1,(19.670) e“m” = – 0.0110803 + j 0.0164273

where

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

(29)

Equation (28) is the discrete Fourier transform [9, pp. 358,

359] of the sequence {Bo, BI . . . Biv_I }. Conversely

N–1

B. = ~e~z”*lV~. (30)

1=0

Finally, if q = r- – ~ we can use (29) and (30) to obtain

.qN–l

Jq(hp)e~q4 = ~ ~ e~l* e-~h(c’z+s’y). (31)

1=0

Table II provides some numerical results showing the con-
vergence of this N-term series. The case considered is for a
typical higher order TE mode with associated Bessel–Fourier
eigenfunction

J8(~p)e84=J8(24.587;)e84. ,32,

A typical point in the guide is chosen (p, #) = (.8R, 380);

consequently 24.587 fi =19.670 and 84 = 304°. In Table I

we see that when the number N = 2N + 1 of terms in the
series exceeds the argument of the Bessel function ( 19,670) the
series rapidly converges to the true solution obtained by the
product of the conventional series expansions for J8(19.670)
and

[1]

for ~j 304°
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